In this study, we discuss the dynamics of a type of hanging truss structural system consisting of rigid and wire members, part of which are SMA (shape memory alloy) wires. This kind of truss structure has the capability of vibration isolation and absorption. Characteristics of zero compressive stiffness of wire members, SMA wire members and hanging configuration of the structure itself contribute to the effect of vibration isolation. The hysteretic loop of SMA wires plays a significant role in vibration attenuation. Mathematical models for this kind of dynamic problem are developed. Calculation process is introduced to take into account the mechanical characteristics of SMA and wire members. Dynamic characteristics are discussed; simultaneously, the effects of vibration isolation and attenuation have been confirmed. On the basis of the numerical calculations, advantages of combinations of various types of wire members, including the truss units having no bracing wires have been demonstrated.
Introduction
There are a large number of studies on reducing the influence of environmental vibration. For example, in order to isolate the substructure beam from vibration, variable stiffness damped absorbers are used (Patil & Awasare, 2016) . A damper with porous anisotropic outer ring and the compressed oily layer is put forward for the purpose of reducing the vibration impact (Akhverdiev & Mukutadze, 2016) .
There are two ways for reducing the influence of environmental vibration. One is the vibration isolation that aims to cut off the transmission of vibration motion to the target object in consideration. The other is the vibration suppression that aims to reduce or attenuate the vibration itself. Several studies on vibration isolation taking advantage of the behavior of the pendulum have been conducted in recent years. Seismic isolation systems using translational pendulum are free from influence of the weight of the structure they bear and functionally stable (Tatemichi et al., 2004) . The results obtained by Sanap et al. (2014) show that the friction pendulum system works effectively in limiting the building responses during excitation due to earthquakes (Sanap et al., 2014) . The multi-suspended pendulum isolation system developed by Narita et al. (2000) works well concerning vibration isolation (Narita et al., 2000) .
Vibration attenuation is expected to be achieved by various types of vibration energy absorbers. Shape memory alloy material is a kind of smart material that has been studied for its conspicuous characteristics of shape memory effect in relatively low temperature condition and pseudo-elasticity in relatively high temperature condition. There are many researches concerning passive vibration control using SMA material. For instance, in the case of dealing with environmental vibration attenuation by means of a structural system, the effect is not remarkably significant based only on the hysteretic characteristic of the SMA material. Combinations of the SMA material and viscoelastic material demonstrate noticeable result of vibration attenuation (De Lima et al., 2014) . Utilization of the damping capacity of martensite phase of SMA as well as the re-centering capability of austenite phase of SMA was studied for the purpose of reaching the best feasible performance by arranging different states of the SMA materials as the bracing elements of the structures (Mortazavi et al., 2013) . For the purpose of obtaining the maximum energy dissipation capability, the optimal configurations of the combination of SMA wires and energy-absorbing struts of the structures are attained (Yang et al., 2010) . Besides, there are many studies on vibration attenuation by SMA material that works as bracing elements (Tamai & Kitagawa, 2002; McCormick et al., 2010; Song et al., 2006; Omar, 2014) .
A hanging truss having SMA wires is expected to demonstrate the effects of vibration isolation by the characteristic of pendulum and vibration attenuation by the nonlinear hysteretic loop of SMA material. The dynamic behavior of this kind of structure is dealt with as a nonlinear dynamic problem. A number of researches on natural frequency problems for nonlinear dynamics have been reported. Dynamic behavior and vibration control of a tensegrity structure have been modeled and discussed in (Ali & Smith, 2010) , where the modal analysis of that structure is conducted as well by means of numerical simulation and experiment. In their analysis, the free vibration result reveals the existence of a beat phenomenon in tensegrity time history response. For the purpose of reducing the vibration while the variable geometry truss moves a target payload from one point to another as a space manipulator, an optimization of motion plan has been studied taking consideration of the natural frequencies (Senba et al., 2009 ). An advantage of a tensegrity-inspired tower with regard to frequency tuning by shape morphing using shape memory alloy actuators has been explored (dos Santos et al., 2015) . The frequency tuning reduces the accelerations throughout the structure up to about 80 percent.
In the current study, we deal with a truss structural system in hanging type that consists of rigid and wire members; part of the wire members are of SMA. Dynamics calculation of truss structural system having various types of truss members (Hanahara et al., 2016 ) are adopted. We discuss about the dynamic characteristics of the hanging truss structures having SMA wires and ordinary wires with the time history of natural frequency. This type of truss structure becomes a mechanism in the case of less stiff members required to maintain the statical determinacy, due to the compressive force on wires and/or due to the removal of wires. However, owing to the influence of the gravitational force, stability of this mechanism can be guaranteed in many situations. We develop a mathematical model of the dynamic problem in consideration. For the purpose of dealing with the nonlinearities of this dynamic problem, a time integration method coupled with nonlinear iterative method is introduced. The effect of hanging configuration of the truss, as well as the effects of mechanical properties of SMA and ordinary wires are demonstrated respectively. We confirm the following characteristic benefits in dynamic behavior of the hanging truss: the vibration isolation capability taking advantage of the mechanism condition and the vibration attenuation ability due to hysteretic loop of the SMA wires. It should be noted in addition that the ordinary wires have constant tensile stiffness while the stiffness of SMA wires changes in accordance with their stress and histories of the routes of the corresponding constitutive models. Adequate combinations of these factors are expected to exhibit excellent vibration isolation and attenuation effects. Variation of natural frequency of the truss structure is discussed in connection with the effect of vibration isolation taking advantage of the variable stiffness of truss structure due to the variable stiffness of SMA wires.
Dynamic Model of Truss Structural System
A brief introduction is made on the pseudo-elastic constitutive equation of SMA material in one dimension. The dynamic equation of the truss structural system having SMA wires is formulated; its time history of the natural frequency is also taken into account. In Figure 1 (b), parameters E A and E M are the Young's moduli of the SMA material in austenite and martensite phases respectively, without phase transformation; parameter Λ is the maximum phase transformation strain. The total strain of the SMA material can be decomposed as follows:
Constitutive Equation of SMA
in this equation, parameter ϵ e is the elastic strain, parameter ϵ t is the phase transformation strain and parameter λ is the martensite phase volume fraction. Constitutive relation of SMA is written as:
where σ is the stress of the SMA material, E is the current Young's modulus that can be determined by the current martensite phase volume fraction, and the Young's moduli in the martensite and austenite phases (Auricchio & Sacco, 1997) :
Incremental equation is derived from this equation as follows:
As the relation between the increments of the volume fraction of the martensite phase ∆λ and the total strain ∆ϵ is assumed to be proportional, the following equation can be derived:
where the proportional coefficient H is the tangent coefficient. Substituting this equation into Equation (4), the incremental form of the constitutive equation is obtained as follows:
We can see that at the stages of phase transformation, the tangent elastic coefficient E T changes with the martensite phase volume fraction. The proportional coefficient H can be calculated by Equation (4) and the linearization of the discrete evolution equation with the active phase transformation written in residual form (Hu, 2013) .
Equation of Motion
The dynamics calculation is carried out on the basis of the formulations in (Hanahara et al., 2016) . However, as the introduction of the constitutive relation of SMA wire, the nonlinear force of SMA wire member in that dynamic equation should be modified. On the basis of the result (Lagoudas et al., 2001) , the stress of SMA wire member is calculated as:
Substituting the SMA wire member stress into the dynamic equation, and taking the constant gravitational force G into consideration, the dynamic equation of motion is derived as:
where subscript ′ C ′ indicates that these vectors and matrices contain the elements corresponding to the nodes fixed on the support ceiling. The matrices and vectors in Equation (8) are as follows: M C is the nodal inertia matrix, F XC is the external nodal force due to the environmental vibration of support ceiling, q is the axial member force due to the deformation of SMA wire members, taking account of the influence of phase transformation for the SMA wire members and G C is the equivalent nodal force due to the gravitational acceleration acting on the structural mass. Total nodal displacement vector taking into account of the deformation is denoted as D C . Matrix J C = ∂L/∂P C is the coordinate transformation matrix which transforms member values to the corresponding nodal values. Vector L is the current member length vector and vector P C is the nodal positions vector taking into account of both of member deformation and support ceiling movement. Matrix K C is the nodal stiffness matrix that can be expressed as:
where
, and A i , l i and N are the cross sectional area, the natural length of the ith member and the total number of the members, respectively. 
Natural Frequency
We obtain the sub-matrices K and M of stiffness and inertia matrices K C and M C , by extracting the elements corresponding to the nodes that are not fixed on the support ceiling. On the basis of these matrices, modal analysis of the truss structural system is conducted by the following equation:
10) ω k denotes the kth angular natural frequency of the truss structural system; the corresponding natural frequency is obtained as f k = ω k /2π. Owing to the material nonlinearity of the SMA wire members and the geometric nonlinearity of the truss structural system itself, the stiffness matrix K is time dependent and so do the natural frequencies. In this research, the first natural frequency f 1 at time t is calculated and evaluated.
Numerical Calculation
In the same manner as the previous section, the dynamic equation of the truss structural system is rewritten by paying attention to the nodes that are not fixed on the support ceiling as:
In order to deal with the nonlinearity of this kind of dynamic problem, the nonlinear iterative method is introduced (Thai & Kim, 2011) . The fundamental equations for the numerical integration are derived in the following sections.
Newmark β Method Considering Nonlinear Iteration
In the dynamic equation (11), as the coordinate transformation matrix J contains the geometric nonlinear characteristic and the member force vector q depends on the nodal displacement as well as the nonlinear characteristics of SMA and wire members, the transformed nodal force vector J T q has to be examined in accordance with the dynamics calculation. We introduce the following iterative approach to calculate the state at time t + ∆t based on the state at time t. The equation of motion (11) to be satisfied at t + ∆t is approximated by using the stiffness matrix K (t) and force vector (J (t) ) T q (t) at t as:
On the basis of the Newmark β method, the nodal displacement D (t+∆t) and its velocityḊ (t+∆t) at t + ∆t are represented in terms of the accelerationD (t+∆t) . By substituting these representations into Equation (12) (t+∆t) . Force error vector due to the approximation at this moment can be evaluated as:
For the purpose of dealing with the nonlinearity of this kind of dynamic problem, it is necessary to update D (t+∆t) , K (t+∆t) and (J (t+∆t) ) T q (t+∆t) several times to suppress the force error vector by introducing the corresponding incremental vectors as follows:
Re-arranging the above equation by taking Equation (13) into consideration, we obtain the following equation:
To denote the update time as µ, the fundamental equation of displacements of Newmark β method at update times µ and µ − 1 can be written as follows respectively.
According to the above two equations, the relationship between dD and d D can be derived as:
Different from the original Newmark β method, we choose the displacement as the primary variable. On the basis of Equation (17) and the linear relation (24) between the correction in member force dq and the correction in nodal displacement d D that is to be described in section 3.2, Equation (15) is rewritten as: 
On the basis of the updated displacement vector D (t+∆t) , the current system stiffness matrix K (t+∆t) is updated. The force error vector is updated accordingly, and the convergence condition is evaluated by means of the following criterion:
where the 'tolerance' is a extremely small value that is set in advance by trial and error for different nonlinear dynamic problems. The iterative process between the time step t and t + ∆t continues until the above condition is satisfied.
Compatibility Condition of Truss Having SMA Wires
The relationship between dq and d D is developed in this section. On the basis of the constitutive equation of SMA, the component of the ith SMA member in vector dq can be denoted as dq i = E i A i dϵ t i . As shown in Figure 2 , the phase transformation strain of SMA is expressed as a piecewise linear function of total strain ϵ i as:
where parameters ϵ ms and ϵ m f are the martensite phase transformation start and finish strains, respectively; parameter ϵ t max is the phase transformation strain at the beginning point of reverse phase transformation (point C); parameter ϵ C is the total strain of point C; parameter ϵ as is the austenite phase transformation start strain; parameter ϵ t A and ϵ t B are the phase transformation strains of point A (the point at which the process of martensitic phase transformation stopped all of a sudden) and point B (the point at which the process of reversed phase transformation ceased suddenly), respectively. The incrementation of ϵ t i can be derived as: By denoting the deformation, the Jacobian matrix and the nodal displacement vector of the ith SMA member as r i , J e and D e respectively, the incrementation of the total strain of the ith SMA member is attained as
By substituting dϵ i into Equation (21), we can obtain the relationship between the incrementation of phase transformation strain and the incrementation of nodal displacement vector of the ith SMA member:
Part 4 0 Others (22) where coefficients c
i and c
i are denoted as one parameter c i . On the above equations, we can express the ith component in dq as:
On the basis of Equations (22) and (23), the following linear relation between dq and d D is achieved:
where H is the corresponding coefficient matrix obtained based on these equations.
Numerical Integration Algorithm
The numerical integration algorithm in order to deal with the dynamics of such kind of truss structure problem is carried out on the basis of the formulations in (Hanahara et al., 2016) . This kind of dynamic problem is nonlinear due to the material nonlinearity of the SMA wires and geometric nonlinearity of the truss structure itself. This nonlinear iterative method is introduced in order to reduce the calculation time. It should be noted that, as the term (J (t+∆t) ) T dq is tremendously small, in the numerical calculation process, this term can be ignored, and there is little influence on the results.
Simulation Examples
Typical dynamic behaviors of hanging truss structural system with different configurations are discussed in order to demonstrate the effect of hanging configuration as well as the mechanical properties of SMA and ordinary wires.
Assumed Truss Structural System and Condition of Environmental Vibration
In Figure 3(a) , the thick lines stand for rigid members, the broken lines stand for wire members. Numbers assigned to the broken lines shown in the figure serve as the identifiers of the wire members. In the simulation examples, the Tables 1 and 2 . In Table 1 , the diameter of the ordinary wire is determined on the basis of the diameter of the SMA wire that is set in advance from the viewpoint of the same ultimate strength of those two kinds of wires. The vibration frequency of the support ceiling is 4Hz and the amplitude is 0.03m. We assume an apparatus of 5kg supported by the hanging truss. The total mass of the truss without the apparatus is 9.26kg; it should be noted that the mass is practically due to the mass of rigid members. The time step for the numerical integration is 50µs. This tremendously small time step is for the purpose of dealing with the material nonlinearity and geometric nonlinearity of this kind of truss structural system.
Demonstration of Vibration Isolation by Hanging Truss
The following simulations are conducted to illustrate the vibration isolation capability of the hanging truss with the pendulum effect. In Figure 4 (a), there are no bracing wires placed at the hanging truss. Therefore, this structure becomes a mechanism that is unstable if it is not in hanging configuration. However, under the influence of the gravitational force, stability of a structure of this type can be guaranteed in many situations. 
Figure 5. Dynamic behaviors of the truss in Figure 4 (a) with different mass of the peripheral end apparatus Figure 5 shows the corresponding dynamic behaviors of acceleration of the peripheral end node of the structure shown in Figure 4 (a). In the four results of Figure 5 , from the acceleration point of view, we confirmed the vibration isolation effect; the acceleration amplitude of the peripheral end is significantly smaller than the acceleration amplitude of the support ceiling. At the beginning of vibration, due to the influence of the inertia force, vibration isolation effect is obvious. Figure 5 shows the influence on the dynamic behavior of the mass of the apparatus assumed at the peripheral end. By comparing the results in Figures 5(a) -5(c), we conclude the vibration isolation effect becomes obvious in accordance with the mass of the apparatus. The RMS value of the support ceiling vibrational motion is 9.47m/s 2 , and the RMS values of the results are listed in Table 3 . The RMS values of acceleration of Figures 5(a) , 5(b) and 5(c) are 2.35m/s 2 , 1.29m/s 2 and 1.53m/s 2 , respectively. These values illustrate the excellent vibration isolation capability of the truss structures evaluated in terms of acceleration when compared with the RMS value of the vibrational motion of the support ceiling. However, in the case of the mass of 40kg, the exerted vibration energy is significantly converted into the vibration of the peripheral end as shown in Figure 5(d) . The RMS value of acceleration of Figure 5(d) is 2.77m/s 2 , and is obviously larger than the RMS values of Figures 5(a) , 5(b) and 5(c), although the value is still smaller than that of the support ceiling. Therefore, the isolation effect can not be simply guaranteed with relatively large mass at the peripheral end of the hanging truss.
Influence of Mechanical Properties of SMA and Ordinary Wire
Figures 6 and 7 show the dynamic results that are adopted to demonstrate the influence of the mechanical properties of SMA and ordinary wires on the structural dynamic characteristics of the truss. Figures 6(a) and acceleration behaviors of the truss in Figure 4 (b). In Figure 6 (a), vibration isolation and attenuation effects due to SMA wires are demonstrated. When the support ceiling is vibrated, in the stage of transient response of 0s-2s, the deformation of the truss is significant; in the stage of steady state of 2s-4s, vibration isolation effect is demonstrated. At the time period of 4s-8s, vibration attenuation effect due to the hysteretic loop of SMA wires can be seen. The RMS value of acceleration in Figure 6 (b) is 9.31m/s 2 , which demonstrates that the vibration isolation of the truss with units having bracing of SMA wires is worse than the truss with units having no bracing wires.
Figures 7(a) and 7(b) are the displacement and acceleration behaviors of the truss in Figure 4 (c). Since the ordinary wires have a higher stiffness than the SMA wires, the obtained behavior at time period of 0s-4s is also vibratory but relatively stable as shown in Figure 7 (a), compared with the result shown in Figure 6 (a). The RMS value of acceleration in Figure  7 (b) is 19.12m/s 2 , which is significantly larger than the case in Figure 6 (b). However, the residual vibration amplitude in Figure 7 (a) is smaller than the residual vibration amplitude in Figure 6 (a). This is because the deformation of the truss structure having ordinary wires is smaller than the truss structure having SMA wires due to the relatively high stiffness of the ordinary wires.
Comparison between the two results in Figure 6 (a) and 7(a), shows the obvious differences of the mechanical properties mer.ccsenet.org Mechanical Engineering Research Vol. 7, No. 2; 2017 between the two kinds of wires. Combination of these two types of wires with different mechanical properties is expected to enable the structure to improve vibration attenuation as well as vibration isolation capabilities simultaneously.
Combination of SMA and Ordinary Wires
Hysteretic loop and variable stiffness characteristics of SMA wires enable the truss structure to have the capabilities of vibration attenuation and isolation. In the case of low strain range (without phase transformation) and slack state, such kind of SMA wires can be replaced by ordinary wires; simultaneously, owing to the relatively high mechanical stiffness of the ordinary wires, stability of the peripheral end can be maintained to some extent from the deformation point of view.
For instance, Figure 8 (a) is a truss structure having 8 SMA wires and 2 ordinary wires. Figure 8(b) is the corresponding displacement behavior of the peripheral end node in horizontal direction. This result demonstrates vibration isolation effect in case that support ceiling vibrated, as well as vibration attenuation effect in case that support ceiling vibration ceased.
Figure 8(c) is the corresponding time history of the natural frequency of the truss structure in Figure 8 (a). The thin line represents the time history of the natural frequency, and the thick line indicates the environmental vibration frequency of the support ceiling. The initial natural frequency is 3.47Hz. In the transitional period of 0s-2s, the natural frequency changes drastically as the mechanical properties of the SMA wires; in the stage of steady state of 2s-4s, natural frequency changes periodically, which demonstrates the variable stiffness of truss structural system as a whole. It should be noted that in the calculation process, in the case that the two wires at the same truss unit are in slack state or in taut state simultaneously, the natural frequency of the truss becomes extremely small or big suddenly. The slack possibility of wire, the variable stiffness of SMA and relatively small stiffness property of wire members contribute to the vibration isolation effect of the truss structure. The RMS value of displacement in Figure 8 (b) is 0.022m, which is smaller than the RMS value of displacement in Figure 6 (a), which is 0.026m. These RMS values corresponding to the truss structures in Figure  4 (b) and 8(a) indicate that an appropriate combination of SMA wires and ordinary wires plays an important role in the mer.ccsenet.org Mechanical Engineering Research Vol. 7, No. 2; 2017 ability of truss structural system against environmental vibration from the vibration isolation point of view in the case of being evaluated in terms of displacement criterion.
Combination of Units Having No Bracing Wires and Units Having SMA wires
Hanging configuration of unstable mechanism have the effect that it can isolate its peripheral end from the support ceiling vibration under the vibration condition of small amplitude and relatively high frequency. Combination of unstable mechanism in hanging configuration and the mechanical characteristics of SMA wire is expected to improve this vibration isolation capability. The following example is adopted to demonstrate this phenomenon.
The result in Figure 9 (b) is the acceleration behavior of the truss in Figure 9 (a). In order to make a comparison in the time period of 0s-4s between the truss in Figure 4 (a) and the truss in Figure 9 (a), the same vibration condition is adopted. In addition, the configuration is the same as well except for the 4 SMA wires in Figure 9 (a). We discuss the vibration isolation effect of 0s-4s in the results shown in Figures 5(b) and 9(b) . The RMS values of the time period of 0s-4s in Figure  5 (b) and 9(b) are 1.57m/s 2 and 1.45m/s 2 , respectively. These two values illustrate that with appropriate arrangement of SMA wires, the vibration isolation effect can be improved. 
Conclusion
Truss structures having SMA wires in hanging configuration possess the capabilities of vibration attenuation and vibration isolation based on the outstanding characteristics of the pseudo-elasticity of the SMA wires and the hanging configuration itself. Relatively high stiffness of the ordinary elastic wire contributes to the relative stability of the dynamic behaviors of the truss structure. Mathematical model of this kind of problem is proposed, and the corresponding numerical integration method is introduced. We have demonstrated these capabilities of vibration isolation and attenuation of the truss structure by simulation calculations with various kinds of combinations of units having bracing of SMA wires, ordinary wires and units having no bracing wires.
On the basis of simulation results, we have shown that, with appropriate combinations of units having bracing of SMA wires, ordinary wires, and units having no bracing wires, the vibration isolation capability of the truss structure can be improved due to the hanging configuration effect of the truss as well as the mechanical characteristics of SMA wire and ordinary wire. The time history of the natural frequency of the truss structure having SMA wire and ordinary wire demonstrates the variable stiffness of the truss structural system, which shows that variable stiffness of wire members contribute to the vibration isolation effect of the dynamic behaviors.
